We have investigated inflation models that predict a very small value of the tensor-to-scalar ratio, r. The spectral index ns, and the tensor-to-scalar ratio r, are strictly constrained by the Planck data. ns and r are sensitive to the shape and magnitude of the inflaton potential, respectively.The constraints by the Planck 2018 data combined with other cosmological observations are compared with the predictions from the inflation models regarding ns and r. Furthermore, we discuss the comparison of future tensor-to-scalar ratio data with predictions from the inflation models with a focus on part of the quantum fluctuation origin.
INTRODUCTION
Big-bang cosmology can account well for the observational results in cosmology, such as Hubble expansion, the intensity of the cosmic microwave background (CMB) radiation, and the primordial abundance of light elements. However, it faces a horizon problem, the flatness problem and monopole problem, and it does not explain the origin of primordial CMB fluctuations [1] .
Therefore, an epoch of accelerated expansion in the early universe, i.e., inflation [2] [3] [4] [5] , must be considered to solve these fundamental problems. Quantum fluctuations generated during inflation become the seeds of density perturbations observed in the CMB anisotropies, and the origin of the large-scale structure. Understanding of the inflation mechanism is thus very important to advance physics beyond the standard model. Many inflation models have been suggested. These different models can be broadly categorized in the following way. The first class is the large field model (type I), in which the inflaton field is initially large and rolls down toward the potential minimum at smaller φ. Chaotic inflation is one of the representative models of this type [6] . The second class is the small field model (type II), in which the initial value of the inflaton is small and it slowly evolves toward the potential minimum at larger φ. New inflation and natural inflation are examples of this class [7] [8] [9] [10] .
The third class is the double inflation model (type III) [11, 12] , in which inflation typically ends by the phase transition caused by the existence of a second scalar field (or by the second phase of inflation subsequent to the phase transition). There are models of inflation that cannot be classified into the above three types.
The primordial density perturbations are characterized by the spectral index n s , and the tensor-to-scalar ratio, r. n s and r are generally sensitive to the shape and magnitude of the inflaton potential, respectively, and are strictly constrained by the Planck data combined with other cosmological data [13] .
In this paper, we investigate those inflation models that predict the very small value of r. The constraints by the Planck 2018 data combined with other cosmological data are compared with the predictions from the inflation models with respect to n s and r. Furthermore, we discuss the comparison of future tensor-to-scalar ratio data with the predictions from the inflation models with a focus on part of the quantum fluctuation origin.
This paper is organized as follows. In the next section, we present inflation models that predict the very small value of r. In Section III, we compare the constraints by the Planck 2018 data combined with other cosmological data with the predictions from the inflation models. In Section IV, we discuss the comparison of tensor-to-scalar ratio data by future observations with the predictions from the inflation models. Finally, a summary is given in Section V.
MODELS
We begin with the most general scalar-tensor theories with second-order equations of motion
where
Here, K and G i (i = 3, 4, 5) are functions of an inflaton field φ, and its kinetic energy X = −∂ µ φ∂ µ φ/2 with the partial derivatives G i,X ≡ ∂G i /∂X. R is the Ricci scalar, and G µν is the Einstein tensor. This Lagrangian function was first proposed by Horndeski in a different notation [14] . The Lagrangian (Eqs. (1)- (5)) is equal in content to that derived by Horndeski [15, 16] . The total action we are going to study is given by:
where g is a determinant of the metric g µν . In this work, we consider potential-driven slow-roll inflation. This corresponds to a case where the functions in the Horndeski theory of Eqs. (1)-(5) are expressed as:
where V (φ) is the inflaton potential, and M pl is the reduced Planck mass associated with Newton's gravitational constant by M pl = 1/ √ 8πG. For the flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric described by the line element ds 2 = −dt 2 + a 2 (t)δ ij dx i dx j , the Friedmann equation and the inflaton field equation of motion are given, respectively, as:
where H =ȧ/a is the Hubble parameter (the dot represents a derivative with respect to t). The notation V, φ ≡ ∂V (φ)/∂φ is adopted here. Inflation can be induced in a regime where the slow-roll parameter ǫ ≡ −Ḣ/H 2 is much smaller than 1. Using the slow-roll parameter ǫ, parameter η is defined as:
The number of e-foldings is set as N (t) = ln a(t f )/a(t), where a(t) and a(t f ) are the scale factors at time t during inflation, and at the end of inflation, respectively. From the relation dN/dt = −H(t), N(t) can also be described as:
and there is the condition ǫ(t f ) = 1 for t f . The number of e-foldings when the perturbations related to the CMB temperature anisotropies get across the Hubble radius is typically 50 < N < 60 [17] .
Using the slow-roll approximationsφ 2 /2 ≪ V and |φ| ≪ |3Hφ|, Eqs. (11) and (12) lead to 3M 2 pl H 2 ≃ V and 3Hφ ≃ −V, φ , respectively. The number of e-foldings (Eq. (14)) can then be written as:
where φ f is the field value at the end of inflation, known by the relation ǫ(φ f ) = 1.
The slow-roll parameter is expressed as: ǫ = φ 2 /(2M 2 pl H 2 ). For the slow-roll approximation, it follows
Under the fact that c 2 s = 1, the observables lead to:
For a given inflaton potential, these observables can be described in terms of φ. The field value that corresponds to N = 50 − 60 is determined using Eq. (15) .
The tensor-to-scalar ratio r is associated with the variation of the field during inflation. The relation (dφ/dN ) 2 ≃ M 2 pl r/8 is obtained from Eqs. (15)- (17) . Given that r is almost constant during inflation, the field variation ∆φ is approximately expressed as: [18, 19] ∆φ
The models with ∆φ < M pl are called small-field inflation models, when r is smaller than 2 × 10 −3 for N = 60.
Here we adopt the criterion according to Eq. (18) to classify the large-field and small-field models. Small-field inflation can be achieved by the potential
where Λ is a constant and µ(φ) is a function of φ. For D-brane inflation [20] and Kähler-moduli inflation, [21] we set µ(φ) = e −φ/M and µ(φ) = c 1 φ 4/3 e −c2φ 4/3 (c 1 > 0, c 2 > 0), respectively; in Refs. [22] [23] [24] [25] other similar models are studied. For these models, the so-called η-problem for the natural parameters restricted by string theory must be addressed. For the function f (φ) = e −φ/M , the number of e-foldings is described by N ≃ (M/M pl ) 2 e φ/M , in which case n s and r are
For M < M pl and 50 < N < 60, 0.960 < n s < 0.967 and r < 2.6 × 10 −3 . For Kähler-moduli inflation, n s and r are in the ranges of 0.960 < n s < 0.967 and r < 10 −10 for 50 < N < 60 [21] , so that the model is classified as very small-field inflation.
n s and r predicted by the inflation models are summarized in Table I . 
COMPARISON WITH PLANCK 2018
In the 2018 release of the Planck CMB anisotropy observations [13] , the results of cosmic inflation were consistent with the two previous Planck releases [17, 26] ; however, the uncertainties were smaller due to improvements in the characterization of polarization at low and high multipoles. The spectral index of scalar perturbations obtained from the Planck temperature, polarization, and lensing data was n s = 0.9649 ± 0.0042 at 68% C.L., i.e., there is no evidence for a scale dependence of n s . Spatial flatness is ascertained at a precision of 0.4% at 95% C.L. from the combination with baryon acoustic oscillation (BAO) data. The Planck upper limit on the tensor-to-scalar ratio, r 0.002 < 0.10 at 95% C.L., by combination with the BICEP2/Keck Array (BK14) data, is further tightened to obtain r 0.002 < 0.064.
The (n s , r)-planes are plotted in Fig.1 . Gray lines are constraints from the Planck 2018 data, and red lines are constraints from the Planck 2018 data combined with the BK14 data, and blue lines are constraints from the Planck 2018 data combined with the BK14 data and that with the addition of the BAO data. The lines show the 1σ (68%) and 2σ (95%) confidence limits, respectively. The yellow region is the prediction by the D-brane inflation model. The orange region is the prediction by the Kähler-moduli inflation model. The region predicted by the Starobinsky inflation model is also plotted (green line). Fig.2 is the same as Fig.1 , except that the tensor-toscalar ratio is expressed logarithmically.
The D-brane and Kähler-moduli inflation models are consistent with the observational data.
FUTURE OBSERVATIONS
Single field models with slow roll conditions give the approximation formula (Lyth relation [18, 19] ):
Next-generation CMB satellites (LiteBIRD [27] , COrE [28] , and PIXIE [29] ) are being designed to detect the primordial CMB B-mode polarization at large angular scales. One goal of LiteBIRD is to reach the total uncertainty of r, δr = 0.001. When this is achieved, the non-zero tensor-to-scalar ratio r is detected, which has Fig.1 , except with the tensor-to-scalar ratio expressed logarithmically. more than 10σ significance for r > 0.01. If the primordial B-mode is not detected by next-generation satellites, an upper limit of r < 0.002 (95% C.L.) will be obtained, which means that all the large-field models classified by the Lyth relation will be rejected. Therefore, inflation models that predict very small values of r must be investigated. Furthermore, the effect of the quantum fluctuation on the value of r may be partial; therefore, it is important to consider part of the quantum fluctuation origin.
